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Three-Dimensional Unstructured Adaptive Multigrid
Scheme for the Navier—Stokes Equations

Mark E. Braaten* and Stuart D. Connell®
General Electric Research and Development Center, Schenectady, New York 12301

A solution adaptive multigrid scheme for solving the three-dimensional Navier-Stokes equations on unstructured
meshes is presented. The algorithm solves the equations on a fully unstructured mesh of tetrahedral elements, using
a multigrid time-marching scheme. The initial unstructured mesh is successively refined based on gradients in the
flow solution, with the multigrid levels being determined by the refinement procedure. Important issues related
to solving viscous flows on unstructured meshes are discussed. These include calculation of the viscous stress
terms in a manner that prevents wiggles, calculation of the time steps to include both inviscid and viscous effects,
numerical smoothing considerations, minimization of computer storage requirements, and implementation of
the k—¢ turbulence model. Solutions are presented for several examples of industrial importance that illustrate
the potential of the method, including transonic flow about an aircraft engine nacelle, and in both rotating and

nonrotating turbomachinery passages.

1. Introduction

VER the past decade, computational fluid dynamics has made

a significant impact on the design of turbomachinery, com-
bustors, and other flow devices (see, for example, Refs. 1 and 2).
As successes have mounted, the demands on computational fluid
dynamics algorithms have continued to grow. The geometry of tur-
bomachinery blade rows has become complicated by high blade
turning, significant blade twist, the presence of part-span shrouds or
splitters, and the presence of tip clearance. Such problems cannot
be easily computed with single block structured grid codes. Multi-
block structured grid codes have been developed, but generation of
multiblock grids remains very difficult and time consuming.

Unstructured grid algorithms have demonstrated the potential for
handling arbitrary geometries while readily allowing grid adaptation
to efficiently resolve small scale flow features.>~® Recent develop-
ments in unstructured mesh generation allow an initial unstructured
mesh to be automatically generated from a solid model surface rep-
resentation of the geometry.*%10 As the solution progresses, the
mesh is successively refined to accurately resolve flow features,
such as trailing edges and shocks, with a minimum number of grid
points.>”?1! The reduction in the time required to mesh the geome-
try, and the elimination of the need to decide where to place the mesh
points a priori, makes the code more user friendly to the designer
and can lead to a significant reduction in design cycle time.

The goal of this work is to develop a flow solver based on an
unstructured tetrahedral mesh capable of fast and accurate analysis
of transonic flows in complicated three-dimensional geometries.
The viscous algorithm described here is an extension of an earlier
inviscid algorithm described in Ref. 11. The inviscid algorithm is
briefly reviewed before describing the extension of the method to
viscous flows. Some example calculations are then shown.

II. Governing Equations

The three-dimensional Navier—Stokes equations may be written
in conservation law form as
au 8F+8G+8H S o
g ' ax | dy 8z
where U represents the state vector, F, G, and H represent the flux
vectors in the three coordinate directions, and S represents the source
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terms. To facilitate the solution of flows in rotating turbomachinery
blade rows, the equations are cast in terms of the velocities relative
to a reference frame rotating with an angular velocity 2 about the z
axis. The flux vectors can be decomposed into inviscid flux vectors
F;,G;, and H;, and viscous flux vectors F,, G,, and H,. These
vectors are then defined as
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where w,, wy, and w, are the relative velocities in the x, y, and z
coordinate directions. Also, p is the density, p the pressure, 2 the ro-
tational speed, k the turbulent kinetic energy, ¢ the turbulent energy
dissipation, 1, the turbulent viscosity, 7;; the viscous shear stresses,
and g; the viscous heat fluxes. The relative velocities w,, wy, and
w, are related to the absolute velocities vy, vy, and v, by

Wy = Vy + Q)’ ) (8)
w, = v, — Qx ©)
w, =1, (10)

The turbulent diffusion fluxes are given by relations of the form'?
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The quantity oF is given by

QE =[p/(y = D1+ jo[wl +w] + w? — (@r)?]  (12)

III. Summary of Inviscid Algorithm

The viscous flow algorithm described here is an extension of the
inviscid algorithm described by Connell and Holmes.!! The inviscid
algorithm will be summarized briefly here; the reader is referred to
the original reference for the details.

The inviscid algorithm solves the Euler equations on a three-
dimensional fully unstructured mesh of tetrahedral elements, using
an adaptive multigrid time-marching scheme. The initial unstruc-
tured mesh is obtained by destructuring of a structured mesh or by
use of the advancing front method.* The solution procedure begins
with this initial unstructured mesh. The evolving solution is exam-
ined, and the mesh is enriched in regions of high flow gradients
by H refinement. New boundary nodes are placed at their proper
location on the boundary via a node snapping procedure that refers
back to a parametric representation of the true boundary shape. This
adaptation procedure is used to generate the multigrid levels used
by the solver. This multigrid scheme has several advantages over
other multigrid schemes based on adaptive remeshing. The multi-
grid levels are formed naturally by the refinement procedure, the
construction of the multigrid transfer operators is greatly simpli-
fied, and most importantly, the H-refinement procedure is orders of
magnitude faster and more robust than remeshing.

A hierarchical data structure is adopted to meet the different needs
of the refiner, flow solver, and postprocessor. With this hierarchi-
cal data structure, the connectivity between any two grid entities
(cells, faces, edges, and nodes) can be efficiently derived by a single
pass through the data structures. After refinement, the data struc-
ture contains all of the original grid information, plus all of the new
entities. Pointers are used to identify the data for each grid level;
no duplication of information between the different grid levels is
needed.

The multigrid flow solver uses a vertex-based finite volume
scheme with nonoverlapping control volumes, and a Runge-Kutta
time marching procedure. The convective terms are computed us-
ing central differences, along with an adaptive blend of second- and
fourth-order smoothing based on that of Jameson.!® Flux balances,
smoothing residuals, and time steps are computed using efficient
edge-based loops. Local time steps are used to accelerate conver-
gence to the steady state. Implicit residual averaging is not currently
employed, as we have not been successful with it on unstructured
grids to date. A simple V cycle is used for the multigrid. The storage
requirements for all of the node-based, edge-based, and boundary
data for the inviscid algorithm works out to be equivalent to about
120 words/node.

IV. Viscous Algorithm Development

A, Calculation of Viscous Stresses

Evaluation of the shear stress terms in the Navier—Stokes equa-
tions requires the calculation of the corresponding velocity deriva-
tives. Various alternative means for computing these derivatives ex-
ist, Important considerations in choosing from these alternatives are
the compactness of the resulting difference stencil and the desire
that the resulting viscous terms sense oscillations in the solution
and help to smooth them. In Ref. 12, it was noted that averaging
the cell derivatives on either side of an edge to get the edge deriva-
tives did not allow the derivatives computed on quadrilateral cells
to smooth wiggles. In this work, we have chosen to directly com-
pute the derivative components at the centers of the edges, which
correspond to the centers of the control volume faces. The use of
edge derivatives provides a compact derivative stencil and allows
the viscous terms to smooth wiggles on tetrahedral meshes. Com-
puting nodal derivatives and averaging them to the edge centers was
rejected because such a procedure is incapable of removing these
wiggles.

The derivative at the center of the edge e is computed by applying
Green’s theorem over the volume composed of all of the tetrahedra
sharing the common edge e, that is,

1
E=7f/AFdAX (13)

The situation is shown in Fig. 1. The derivative calculations for
the derivatives of a function F in all three coordinate directions are
accomplished by a single loop over cells. The three flux components
on each cell face and the cell volume are accumulated to the edges
with only one node on that face. The derivatives are then obtained
by an edge loop that divides the accumulated flux sums by the
accumulated edge volumes.

oF
ax

Fig. 1 Tetrahedral cells surrounding the edge e.
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Since an edge array typically requires about seven times as much
storage as a nodal array, the storage required for computing edge-
based derivatives can become substantial. To minimize this storage,
we allocate only nine edge arrays for viscous derivatives. These nine
arrays are sufficient to store all of the velocity derivatives in each
of the three coordinate directions. After the velocity derivatives are
calculated, all other terms that require them are then computed. This
allows the nine arrays to then be reused to store the edge derivatives
of the internal energy and the turbulence quantities for subsequent
use. Nodal derivatives can be computed in a similar manner to the
edge derivatives, i.e., by summing fluxes over faces of cells sur-
rounding the node and dividing by the sum of the surrounding cell
volumes.

B. Viscous Time Step

The solution procedure adopted is a multistep Runge-Kutta
scheme with local time steps to accelerate convergence, but without
residual averaging. A three-step scheme is used for viscous flows,
with the viscous and smoothing terms computed only on the first
partial step. For viscous flows, we have found that it is important to
properly account for both inviscid and viscous contributions to the
local time steps to achieve rapid and robust convergence.

The approach adopted computes the local time step on the basis
of both inviscid and viscous considerations. It allows the use of
Courant-Friedrichs—Lewy (CFL) multipliers comparable to those
used for inviscid flows (0.5-0.75) and leads to stable and rapid
convergence. The inviscid time step Afy,, is computed from the
formula

V(CFLM)(CFL)o
3 Zf()»i + A+ )
where V is the cell volume, CFLM the CFL multiplier, CFL; the

CFL number for the particular multistage scheme, and 2;, A;, A, the
eigenvalues that are computed from

Atipy =

(14

Mt h =) (CA+ Aywe + Aywy + Awy)  (15)
f

where c is the sound speed, A the face area, and w the flow velocity.
The viscous time step #,; at each cell is computed from

Atys = B(h*/6V) (16)

where 8 is a multiplying factor less than one, v the kinematic viscos-
ity, and % an estimate of the minimum cell height that is computed
from

h =3(V/bnu) 17

where V is the cell volume and by, the largest face area of the cell.
The use of this estimate of the cell height was found to be far more
effective than using the shortest edge length of the cell. A cell with
nearly equal edge lengths can be squashed down to form a very flat
cell, which is not detected by the latter practice. The local viscous
time step at each node is taken as the minimum value from among
all of the cells that have that node as a vertex. The local time step at
each node is then computed as the minimum of 5, and ty;s.

C. Numerical Smoothing for Viscous Flows

Viscous flow solutions place even greater demands on the numer-
ical smoothing than inviscid flows. The numerical smoothing must
be reduced in regions where the viscous stresses are important to
avoid corrupting the results. The viscous solution algorithm must
also cope with the very high aspect ratio cells that occur in viscous
meshes in the boundary layer. The fourth-order smoothing fluxes
cause problems near the viscous walls, since the large velocity gra-
dients cause the fourth-order terms to become large and because it
is difficult to compute these terms accurately in this region because
of the need to resort to one-sided differencing at the wall.

Although a number of alternative means of reducing the smooth-
ing in the boundary layer have been proposed to alleviate these
problems, here we have only considered variations of the Jameson
adaptive blend of second- and fourth-order smoothing, and simple

first-order upwinding approaches. We plan to consider more sophis-
ticated upwinding schemes at a later date.

A common practice for viscous flows is to devise some means of
reducing the smoothing in the boundary layers. Often the smoothing
fluxes are turned off entirely at both the wall and the near-wall edges.
In addition, in structured grid algorithms, the smoothing on grid
lines normal to the walls is often reduced by means of the ratio of
the local Mach number to a freestream Mach number. * This practice
is of questionable utility in some of the flows of interest here. An
example is a highly turning turbine stator, where the passage Mach
number can vary from as low as 0.05 at the inlet to as high as 1.3
at the exit. A practice that has been adopted on unstructured grids
is to reduce the fourth-order dissipation as a function of the local
cell Reynolds number.!> A drawback of this approach is that the
smoothing in all directions is reduced, which can lead to oscillations
in the streamwise direction.

Martinelli'’® proposed a directional smoothing algorithm that is
claimed to stabilize the numerical scheme for grids with aspect ratios
as high as 500. The directional scheme acts to amplify the smoothing
on the short edges, relative to that obtained from a standard isotropic
scheme.

Calculations made with various smoothing schemes led to sev-
eral basic conclusions. Turning the smoothing off on certain edges
near the wall proved to be essential. Solutions obtained without
turning off the smoothing at any near-wall edges were very diffu-
sive. Potentially desirable edges on which to reduce the smoothing
are the near-wall edges with one wall node and one interior node,
and the edges with one near-wall node and one interior node. Re-
moving the smoothing on these latter edges as well as the near-wall
edges proved to be beneficial, particularly in terms of improving
the turbulence profiles in the boundary layer. The boundary-layer
profiles of the turbulence variables proved to be far more sensitive
to the details of the smoothing scheme than did the velocity and
pressure profiles. Increasing the amount of second-order smooth-
ing, or resorting to upwinding, reduced oscillations in the velocity
and pressure profiles in regions of strong gradients, but also led to
unphysical behavior in the profiles of turbulent kinetic energy and
dissipation.

Figure 2 shows the turbulent kinetic energy profiles in the near-
wall region, for a developing duct flow, calculated with four different
smoothing schemes. The first scheme is a simple vanilla implemen-
tation of an adaptive blend of second- and fourth-order differences,
with an unweighted pseudo-Laplacian used to compute the smooth-
ing fluxes. The second scheme attempts to improve the accuracy of
the smoothing fluxes through the use of improved estimates of the
third differences at the center of the edges, as done in Ref. 12. The
third scheme uses Martinelli’s' directional smoothing in conjuction
with this improved scheme. The fourth scheme uses the standard
adaptive second- and fourth-order smoothing on edges away from
the walls, and simple first-order upwinding on edges near the walls.

The results for the first two schemes show the proper physical
behavior, with the peak value of the turbulence energy occuring at
the wall and decaying into the freestream. The results for the latter
two schemes show large unphysical peaks in the profile away from
the wall. This same unphysical behavior occurs with the simple
scheme when the coefficient of the second-order smoothing term
is excessively large. This observed behavior shows that excessive
second-order smoothing can lead to unphysical behavior of the tur-
bulence profiles. Overall, the simple nondirectional scheme gives
the best performance in terms of high accuracy and low computer
time.

D. Memory Requirements

Unstructured grid algorithms typically require substantjally more
storage per node than their structured grid counterparts, because of
the need to store all sorts of grid connectivity information. Numer-
ous steps have been taken to reduce the memory requirements of
this algorithm. The full hierarchical data structure required by the
refinement algorithm contains much more data than the solver re-
quires. A separate preprocessing program was developed to input
the file containing the full hierarchical data structure and output a
streamlined file containing just the data required by the solver. The
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use of edge-based loops rather than face-based loops to compute
the flux balances reduces the memory requirements. Another use-
ful tactic is the reuse of the edge arrays required by the derivative
calculations as described earlier.

The addition of the viscous terms and the turbulence variables
does cause a significant increase in the memory requirements of
the algorithm. Additional nodal arrays are required for the viscous
accumulators (since the viscous terms are computed only at the first
partial step) and for the turbulence quantities. Additional edge arrays
are required to store the edge derivatives and the edge volumes.
Additional cell arrays are required to store cell-to-node pointers,
and cell-to-edge pointers required by the derivative calculations and
the viscous terms.

The additional memory requirements can be expressed in terms of
equivalent nodal arrays. Each edge array is equivalent to about seven
nodal arrays, and each cell array is equivalent to about six nodal ar-
rays. With this conversion, the additional memory requirement is
about 180 additional words/node, with most of this stemming di-
rectly from the derivative calculations. Added to the 120 words/node
storage requirement of the inviscid algorithm, this brings the to-
tal storage requirement for the viscous algorithm to about 300
words/node. This requirement compares favorably with that of other
three-dimensional unstructured schemes: a value of 250 words/node
reported in Ref. 5 for a nonmultigrid scheme, and values of 280-350
words/node reported in Ref. 8 for another multigrid scheme. Cur-
rently, the refinement code has an even larger memory requirement
of about 450 words/node, which limits how large a mesh can be run
on our current workstations. With 350 Mbytes of available memory
(including virtual memory), the maximum grid size is limited to
about 150,000 nodes.

V. Turbulence Model

Turbulent flows are modeled here using the standard k—¢ tur-
bulence model with wall functions. This model was chosen in
preference to 2 mixing length model because the unstructured na-
ture of the grid in the boundary layer makes it difficult to apply
the mixing length model, as discussed in Ref. 12. The solution
of the two additional conservation equations required by the k—¢
model was performed using the same Runge-Kutta procedure as
for the other conservation equations. The convective fluxes in the
k and & equations were evaluated using first-order upwinding, to
prevent the possibility of overshoots that could lead to negative

values or unrealistic levels of turbulent viscosity, as described in
Ref. 7.

Implementation of the wall functions on an unstructured
boundary-layer grid requires the building of a list of the wall nodes,
a list of the near-wall nodes, a list of the near-wall edges (i.e., those
edges with one wall node and one interior node), and a list of point-
ers from each wall node to the closest near-wall point. It is im-
portant to note that for unstructured grids, there is not in general
a one-to-one correspondence between the complete list of near-
wall nodes and the near-wall nodes that are pointed to by the wall
nodes. The list of wall nodes, along with the list of pointers from
the wall nodes to the closest near-wall nodes, is used to enforce the
zero gradient boundary conditions for k and ¢ at the wall points.
The complete list of near-wall nodes is used to enforce the usual
¢ boundary condition, namely, a prescribed value of ¢ at all points
one-off the wall. The list of near-wall edges is used to apply the
wall functions to calculate the shear stresses from the universal
velocity profile and apply them to the control volume faces nor-
mal to these edges. The distance between each near-wall node and
the wall is determined by first finding the closest wall point and
then computing the normal distance to this point using the wall
normals.

An additional refinement criterion based on the local value of the
wall variable y* was added to the grid refinement procedure to ac-
commodate the turbulent wall functions. Refinement was triggered
if y* > 500, and derefinement was triggered for y© < 10, to en-
sure the validity of the wall functions at the near-wall nodes. This
refinement criterion also proved useful in preventing derefinement
on the endwalls near the inlet of highly turning turbine blade rows,
where the velocity and pressure gradients are quite small.

The k—e equations are notoriously difficult to solve by time-
marching methods because the turbulent source terms are large
and very strongly coupled. However, standard pressure correction
codes routinely solve these equations on a structured grid using im-
plicit solution techniques, such as relaxation. We have utilized the
idea of source term linearization common in these implicit relax-
ation algorithms to improve the time-marching solution of the k—¢
equations.

Consider a discretized convection/diffusion equation, written in
the following form:

(Za"b Fap, — Sp)¢p = Zanb¢nb + S, (18)
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Fig.3 Effect of multigrid on convergence for viscous problem.

where a,;, represents the contributions from the convection and dif-
fusion terms, a,, the contribution from the unsteady term, S, the
linear contribution from the source term, and S, the constant part of
the source term.

Retaining the linearized influence of the source term in the time-
marching procedure results in the following equation for the solution
update:

[Zanb(¢nb - ¢p) + Su]

¢p = 19

(aﬁo - SP)
Note that as the source term becomes large, Eq. (19) has the correct
limiting behavior, giving ¢, = —5,/§,, and it also reverts back to

a standard time-marching scheme as the source term vanishes.

The addition of this source-term linearization to the time march-
ing was found to significantly improve the solution of the k—¢ equa-
tions. Convergence is faster and more stable, and the need to clip the
turbulent viscosity during the evolution of the solution to prevent
unphysical values from occurring is eliminated.

VI. Multigrid

The multigrid scheme utilizes a simple V-cycle and the pushdown
procedure described in Ref. 11 to generate the multigrid levels.
For inviscid flow over a cascade of biconvex airfoils, six levels of
multigrid was found to reduce the CPU time by a factor of 13.7
over the same case without multigrid. Figure 3 shows the effect
of multigrid for a typical laminar viscous calculation. With three
levels of multigrid, the CPU time is reduced by almost a factor
of four over the same case without multigrid. In viscous flows, it
is difficult to utilize more than three or four multigrid levels with
the current procedure, without either having initial grids that are
so coarse that the geometry cannot be adequately represented, or
having the number of grid points in the boundary layer grow so
rapidly that the grid size becomes larger than can be handled with
the available computing resources.

For turbulent flows, three levels of multigrid typically gives a
twofold reduction in CPU time over the same case without multigrid.
For many problems, the use of the multigrid for the k—¢ equations
was found to provoke numerical instability. The likely cause of this
problem is that the turbulent source terms are not updated at each
of the coarse grid levels, but are merely prolongated from the finest
level. Turning off the multigrid for the k and & equations, while
retaining it for the remaining equations, was found to remedy this
problem. Speedups obtained with this partial multigrid were found
to be comparable to that obtained with the full multigrid, for cases
where the full multigrid would work. Improving the effectiveness of
the multigrid scheme for turbulent flows is a high priority for future
work.

VII. Boundary Conditions
) The boundary conditions adopted here are the standard ones typ-
ically used for turbomachinery calculations. At the inlet, total pres-
sure, total temperature, and either flow angle or tangential velocity

are prescribed. For rotating blade rows, the total conditions and flow
angles can be specified in either absolute or relative terms. At the exit
plane, a fixed static pressure distribution is prescribed. For rotating
flows, a radial equilibrium pressure distribution can alternatively be
enforced. This radial equilibrium boundary condition requires spe-
cial interpolations to be performed to compute the circumferential
averages on the unstructured grid on the exit plane. The nonslip con-
dition is imposed for viscous wall boundaries, and the wall surfaces
are assumed adiabatic. Wall functions are used for the turbulence
variables, as described in Sec. V.

VIII. Viscous Mesh Generation

Three means of generating the initial unstructured grids used
for the calculations described in this paper were used. These
methods include: 1) the destructuring of structured hexahedral
grids into tetrahedra, 2) the extrusion of two-dimensional unstruc-
tured triangular grids into three-dimensional prismatic grids, and
their subsequent decomposition into tetrahedra, and 3) the gen-
eration of semistructured meshes of prisms and tetrahedra by the
combined use of surface inflation and an advancing front mesh
generator.

Destructuring of structured single-block hexahedral meshes is at-
tractive for geometries that can be easily meshed with a structured
grid generator. The power of the unstructured grid algorithm in adap-
tively refining the solution can then be enjoyed. Many geometries,
however, cause difficulties for single-block structured meshes, in-
cluding turbomachinery blades with high turning, and geometries
such as transition ducts, where the cross sectional shape changes
dramatically.'

Extrusion of two-dimensional unstructured triangular grids into
three-dimensional prismatic meshes, which are then destructured
into tetrahedra, works well for geometries that do not have large
variations in shape in the extruded direction. This procedure is also
a convenient means of generating grids to facilitate testing and com-
parison of the new three-dimensional code with our established two-
dimensional code. The extrusion procedure proved useful for gen-
erating blade row meshes for blades with little spanwise variation,
but high turning.

The generation of semistructured grids through a combination
of surface inflation and the advancing front method is described
fully in a companion paper.'® The structured prisms generated by
the surface inflation ensure a high-quality mesh in the boundary
layer, and the advancing front procedure, in conjunction with an
edge swapping procedure that improves the cell aspect ratios, re-
sults in a high-quality tetrahedral mesh in the interior. This approach
to grid generation has the capability of handling very complicated
geometries, and can be directly coupled to a CAD system, to auto-
matically generate the starting mesh directly from the CAD surface
representation.

IX. Results

Results for some realistic geometries of interest to aircraft en-
gine gas turbines and power generation equipment are presented
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in this section. Comparisons of the code results have been made
with the results of an earlier structured grid code,'”!® widely used
for design within General Electric. This structured grid code has
been applied to transonic fans, compressor blade rows, and turbine
blade rows, and has been extensively validated against experimen-
tal data. The intent of this section is to demonstrate the basic ca-
pabilities of the new unstructured algorithm, not to exhaustively
present detailed solutions for any of these geometries. Detailed
code validations are currently underway for these and other sim-
ilar geometries.

A. Case 1: Aircraft Engine Nacelle

The first test problem involves turbulent flow about an isolated
aircraft engine nacelle. The angle of attack is 4 deg and the inlet
Mach number is 0.82, corresponding to cruise conditions. This case
was previously calculated for inviscid flow, and the results com-
pared very well with test data. Detailed comparisons of the surface
Mach numbers with experimental data are given in Ref. 11. The
initial viscous grid for this case was generated using the surface
inflation/advancing front technique described in Ref. 16. Figure 4
shows the initial mesh; the high quality of the grid at the leading edge
of the nacelle and in the boundary layer along the nacelle surface
is obvious. The solution was obtained on a twice-refined mesh with
131,123 nodes and 724,116 cells. Figure 5 shows the convergence

Fig. 4 Initial viscous mesh for nacelle case.

path for the complete nacelle calculation. As can be seen, the calcu-
lation on the finest grid takes more than 75% of the total CPU time.
The number of time steps required to reduce the initial error by the
same amount remains roughly constant for each grid, indicating the
usefulness of the multigrid scheme.

Figure 6 shows the refined mesh, and Fig. 7 shows the calcu-
lated Mach number contours on the symmetry plane. The stagna-
tion region on the nose of the centerbody and the acceleration of the
flow around the leading edge of the nacelle can be seen from the
solution.

B. Case 2: Turbine Vane

The second problem presented here concerns the flow in a highly
turning transonic turbine vane. The flow enters at a low Mach num-
ber of about 0.1, and exits with a peak Mach number of about 1.4.
The initial mesh for this problem, illustrated in Fig. 8, contains 1550
grid points and was generated by the extrusion of a two-dimensional
unstructured mesh, as described in Sec. VIII. The blade lies
wholly within the passage, and periodic sufaces bound the solution
domain.

Figure 9 shows the mesh on the hub surface, for the initial mesh
and for the mesh after two levels of refinement. The mesh refinement
on the viscous wall surfaces is seen to be nearly uniform. This is
a problem with purely tetrahedral meshes, since tetrahedra cannot

Fig. 6 Refined nacelle mesh.
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Fig. 5 Convergence path for nacelle calculation.
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Fig. 7 Mach number contours for nacelle case.
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Fig. 8 Initial mesh for turbine vane.

be efficiently refined in a one-dimensional manner. The refinement
triggered by the high normal flow gradients in the boundary layer
causes an accompanying refinement along the wall surface. As more
levels of grid refinement are used, the number of grid points tends
to mushroom, and a larger and larger percentage of the grid points
tend to cluster in the boundary layers.

The solution was obtained using four levels of multigrid, result-
ing in a final mesh with 95,829 nodes and 477,185 cells. Figure 10
shows the calculated Mach numbers and pressure contours on the
pitchline. Two blade passages are shown to illustrate more clearly
the periodicity of the solution. The shock at the trailing edge and the
wake region behind the trailing edge are clearly visible. The pas-
sage shock is somewhat stronger and the trailing shock is somewhat
weaker that computed with the structured grid code for this same
case. Because of the coarseness of the initial unstructured mesh, Fig. 9 Initial and refined meshes on hub surface.
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a) Mach number

b) Pressure

Fig. 16 Calculated contours on pitchline.
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Fig. 11 Effect of mesh refinement on calculated Mach numbers.
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Fig. 12 Effect of grid level on mass flow rate.

the geometry of the curved trailing edge is not particularly well
resolved, and this probably accounts for this discrepancy.

Figure 11 illustrates the effect of mesh refinement on the calcu-
lated Mach numbers on the pitchline halfway between the hub and
the casing. The refiner adds grid points primarily near the trailing
edge shock and in the wake region behind the blade. The calculated

mass flow increases asymptotically as the grid is refined, as shown
in Fig. 12.

C. Case 3: Compressor Rotor

The third problem considered here involves the transonic flow in
a compressor rotor. The initial grid for this problem was obtained
by the destructuring of a structured grid with 38,073 grid points.
This initial destructured grid is shown in Fig. 13. The solution was
computed on a grid that was refined once, resulting in a mesh with
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Fig. 14 Calculated pressure contours for compressor rotor.

84,035 grid points and 440,234 cells. The outer shroud remains
stationary, and a tip gap is present between the rotor blades and the
shroud.

Figure 14 compares the pressure contours calculated with the
adaptive unstructured algorithm described here with earlier results
computed with the structured grid code described in Ref. 17, and
Fig. 15 shows a corresponding Mach number comparison. The re-
sults are shown for a radial plane about halfway between the hub
and shroud. The results are found to be in good agreement with the
earlier structured code results.

Unstructured

Structured

Fig. 15 Calculated relative Mach number contours for compressor
rotor.

X. Concluding Remarks

A three-dimensional adaptive multigrid algorithm for solving the
Navier—Stokes equations on unstructured tetrahedral meshes has
been developed and demonstrated on a variety of important indus-
trial problems. The power and flexibility of the algorithm in treating
flows in complicated geometries with accurate resolution of the flow
features makes the algorithm very attractive.

The use of purely tetrahedral meshes has some drawbacks. The
computed solutions tend to be somewhat noisy in regions of high
flow gradients, and an excessive number of points may be inserted
by the refiner in the boundary layers. The need for one-dimensional
refinement in such regions necessitates the use of prismatic or hex-
ahedral elements in the boundary layer. It is likely that the multigrid
will also be more effective for viscous cases when the coarsening of
the boundary-layer cells can be done in a one-dimensional fashion.
The surface inflation/advancing front grid generation method pro-
vides a natural means of generating meshes with prismatic elements

in the boundary layers and tetrahedral elements elsewhere. Devel-
opment of the capability to generate, perform one-dimensional re-
finement, and solve on such mixed meshes is the focus of our current
research.

Solution times for these three-dimensional calculations still re-
main rather long. The addition of multigrid by agglomeration'® to
the present refinement scheme would allow the use of more multi-
grid levels. The initial grid could be made fine enough to adequately
resolve the geometry, with the coarser grid levels generated by ag-
glomeration and the finer grid levels generated through refinement.
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